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Abstract
There has been recent interest in the evolution and cosmological consequences of global axionic string networks, and
in particular in the issue of whether or not these networks reach the scale-invariant scaling solution that is known to
exist for the simpler Goto-Nambu and Abelian-Higgs string networks. This is relevant for determining the amount
and spectrum of axions they produce. We use the canonical velocity-dependent one-scale model for cosmic defect
network evolution to study the evolution of these global networks, confirming the presence of deviations to scale-
invariant evolution and in agreement with the most recent numerical simulations. We also quantify the cosmological
impact of these corrections and discuss how the model can be used to extrapolate the results of numerical simulations,
which have a limited dynamic range, to the full cosmological evolution of the networks, enabling robust predictions
of their consequences. Our analysis suggests that around the QCD scale, when the global string network is expected
to disappear and produce most of the axions, the number of global strings per Hubble patch should be around ξ ∼ 4.2,
but also highlights the need for additional high-resolution numerical simulations.
Keywords: Cosmology, Topological defects, Global cosmic strings, Axions
1. Introduction
Topological defect networks are known to have a range
of possible relevant cosmological roles [1]. In particular,
global string networks can be a source of axions [2, 3].
Axion strings disappear around the QCD scale (t ∼ 10−6
s), as the small bias in their effective potential becomes
relevant and they become attached to domain walls. How-
ever, the efficiency of axion production by global strings
is an open problem, with an obvious impact on axion dark
matter searches.
The main source of this uncertainty can be ascribed to
limitations in numerical simulations of these networks.
Global axionic strings have a logarithmically time depen-
dent tension (or mass per unit length). This logarithm is
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the ratio of two length scales, one of which is cosmolog-
ical (effectively the Hubble scale) while the other is mi-
crophysical (the string core width); thus one expects this
logarithm to have a realistic value around 70 by the epoch
when the axion strings disappear. (Note that one expects
that most axions will be produced at this epoch.) On
the other hand, field theory simulations need to simulta-
neously describe cosmological expansion and resolve the
string cores, and thus computational resources imply that
the range of these two scales can not be too large; in prac-
tice, only values of up to around 6 can be simulated. New
numerical approaches are being tried, aiming to circum-
vent this limitation [4]. In any case, extrapolations of nu-
merical simulations to the realistic cosmological scenario
require some caution.
Continuing improvements in available computing re-
sources, together with improvements in numerical algo-
rithms, have nevertheless led to substantial progress in
numerical simulations of global string networks. In par-
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ticular, there are some indications that small—possibly
logarithmic—deviations to the expected linear scaling so-
lution [4, 5, 6], while there is some disagreement on what
the scaling density of these networks should be. This
linear scaling solution is well known from simulations
of both Goto-Nambu and Abelian-Higgs strings, and for
string networks in such a regime the network density will
be a constant fraction of the cosmological background
density. Note that in an analogous scaling regime for
global strings the density will grow logarithmically with
respect to the background density, since their tension is it-
self logarithmically time-dependent. Still, the question is
whether some corrections to the linear scaling behaviour
exist. Naturally, logarithmic-type corrections are diffi-
cult to confirm unambiguously in numerical simulations
where the dynamic range is one of the limiting factors.
Here we discuss how analytic models can contribute to
this discussion. The velocity-dependent one-scale (VOS)
model is a convenient and reliable tool for studies of the
evolution of networks or cosmic strings and other topo-
logical defects [7, 8]. Here we use it to study the evolution
of axionic string networks. (An earlier, more qualitative
analysis can be found in [9].) We confirm that a linear
scaling solution still exists but it does acquire logarithmic
corrections which we quantify. We also use the model
to discuss how the results of current or future numerical
simulations of these networks can be extrapolated to the
cosmologically realistic case.
2. The velocity-dependent one-scale model
The velocity-dependent one-scale (VOS) model is the
canonical model for studies of the evolution of topological
defect networks, in cosmological and other contexts. Here
we provide a concise summary, focusing on the presently
relevant case of strings in an expanding universe and re-
ferring the reader to [10] for further details.
The first assumption in this approach is to localise the
string so that we can treat it as a one-dimensional line-
like object. This is clearly a good assumption for gauged
strings; it is questionable for strings possessing long-
range interactions, such as global strings. However, good
agreement between the VOS model and simulations has
been established in both local and global cases [11]. The
second assumption is to average the microscopic string
equations of motion to derive the key evolution equations
for the average string velocity v and correlation length L.
These are respectively defined by
E = µa(τ)
∫
dσ , v2 =
∫
x˙2dσ∫
dσ
(1)
where µ is the string mass per unit length and a is the
scale factor. Bearing in mind that long string network is
a Brownian random walk on large scales, the correlation
length L can also be used to replace the energy E = ρV in
long strings in our averaged description, that is,
ρ =
µ
L2
= ξ
µ
t2
; (2)
in the last step we have also defined the dimensionless pa-
rameter ξ which is the number of long strings per horizon,
which is a convenient one for numerical simulations.
A phenomenological term must then be included to ac-
count for the loss of energy from long strings by the pro-
duction of loops, leading to the evolution equation for the
correlation length
2
dL
dt
= 2HL(1 + v2) + cv , (3)
where H is the Hubble parameter and c is the loop chop-
ping efficiency. The first term in (3) is due to the stretch-
ing of the network by the Hubble expansion which is mod-
ulated by the redshifting of the string velocity, while the
second is the loop production term. One can also derive an
evolution equation for the long string velocity with only a
little more than Newton’s second law
dv
dt
=
(
1 − v2
) [k(v)
L
− 2Hv
]
, (4)
where k is the momentum parameter. The first term is
the acceleration due to the curvature of the strings and
the second is the damping from the Hubble expansion.
Strictly speaking, the curvature radius R should appear in
the denominator of the first term, but in a one-scale model
context one identifies R = L. Note that to a first approx-
imation k can be treated as constant, but in more detail
an effective velocity dependence can also be identified; a
detailed discussion can be found in [8].
Scale-invariant solutions of the form L ∝ t (or L ∝ H−1)
together with v = const., only exist when the scale factor
is a power law
a(t) ∝ tλ , 0 < λ = const. < 1 . (5)
2
By looking for stable fixed points in the VOS equations,
one finds the scaling solution(L
t
)2
=
1
ξ
=
k(k + c)
4λ(1 − λ) , v
2 =
1 − λ
λ
k
k + c
. (6)
In such a scaling regime the string network will be a frac-
tion
ρstrings
ρcrit
=
32pi
3k(k + c)
1 − λ
λ
Gµ (7)
of the universe’s total energy density.
3. Evolution of axionic strings
The simplest VOS model presented above requires two
extensions to make it applicable to the case of axionic
strings. For the sake of clarity we will discuss them se-
quentially. This can also be justified a posteriori since
each of these extensions will lead to corrections to the
standard scaling behaviour.
3.1. Time-dependent tension
The most obvious distinguishing feature of axion
strings is that their tension is time-dependent. For the pur-
poses of the VOS model this can be written
µ(t) = µ0 ln
(L
δ
)
= µ0N , (8)
where δ is the string thickness (a microscopic parameter),
and for convenience we have also defined the excess ten-
sion parameter N. Notice that N is a slowly varying pa-
rameter. Cosmologically we expect N ∼ 70, but in stan-
dard field theory simulations the limited spatial resolution
implies that only values of order a few can be simulated.
An extension of the VOS model for time-varying ten-
sions can be found in [12]. The evolution equation for the
correlation length becomes
2
dL
dt
= 2HL(1 + v2) + cv +
L
µ
dµ
dt
, (9)
while the velocity equation is unchanged. In this case,
substitution of Eq. (8) into Eq. (9) leads to(
2 − 1
N
)
dL
dt
= 2HL(1 + v2) + cv ; (10)
note that we must have N > 1 (in other words, in this
equation one can no longer recover the Goto-Nambu limit
by setting N = 1). Since N is a slowly varying parameter,
one can find the following implicit scaling solution for a
generic expansion rate λ(L
t
)2
=
k(k + c)
4λ
(
1 − λ − 12N
) , v2 = 1 − λ − 12N
λ
k
k + c
.
(11)
For the specific case of the radiation-dominated era, rele-
vant for axion strings, we thus have(L
t
)2
=
k(k + c)
1 − 1N
, v2 =
(
1 − 1
N
)
k
k + c
, (12)
together with
ξ =
1 − 1N
k(k + c)
. (13)
We therefore see how the logarithmically varying tension
provides a small correction to the usual scaling.
It is often useful to compare scaling properties of ax-
ionic strings with those of standard strings. We emphasise
that there is a difference between the ratios of the numbers
of strings per horizon
ξax
ξGN
= 1 − 1
N
(14)
and the ratios of the physical densities of both
ρax
ρGN
= N − 1 . (15)
the former is less than unity, approaching it as N → ∞,
while the latter is larger than unity since the string ten-
sion of axionic strings is larger than the tension of a Goto-
Nambu string with the same bare tension by precisely the
factor N.
Last but not least, this analysis also shows that if
one can calibrate the VOS model from simulations with
a given value of N it can then be used to predict the
corresponding scaling parameters for other values of N.
Specifically, from numerical measurements of the number
of strings per horizon ξ and the average string velocity v
one can obtain the VOS model parameters as follows
k =
v√
ξ
(16)
3
c =
1
v
√
ξ
(
1 − v2 − 1
N
)
. (17)
It is interesting to notice that k does not depend on N,
while c does.
3.2. Radiation losses
So far the evolution equation for the correlation length
L only accounts for energy losses due to loop production,
whose importance is described by the loop chopping effi-
ciency c. However, for global axionic strings one expects
the effect of radiation backreaction losses to be more sig-
nificant than that for local strings, and it should therefore
be necessary to include it explicitly [13, 14]. The way to
model this in the context of the VOS model has been dis-
cussed in [8]. The result is a further term in the evolution
equation for L, which in the notation of the present work
has the form(
2 − 1
N
)
dL
dt
= 2HL(1 + v2) + cv + s
v6
N
, (18)
with s being a further free model parameter to be cali-
brated against simulations; note that this term is also N-
dependent. The velocity equation remains unchanged.
The analysis of [8] also shows that when this term is
important but not dominant (which we expect to be the
case in our present context) it can be treated perturba-
tively, leading to a further correction to the standard scale-
invariant solution, as follows(L
t
)2
=
(L
t
)2
0
(1 + ∆) , v2 = v20(1 − ∆) , (19)
where
∆ =
sv50
N(k + c)
(20)
and the index 0 denotes the scaling parameters in the ab-
sence of radiative corrections—in our specific case, these
are the ones in Eq. (12). Note that this solution is now
given in implicit form, since ∆ itself depends on c, k and
N as well as s. Now the number of strings per Hubble
patch becomes
ξ =
1 − 1N
k(k + c)
[
1 − sv
5
N(k + c)
]
, (21)
Table 1: Recent field theory simulation measurements of the number of
strings per Hubble patch ξ and their average velocity v (if available).
Note that error bars have been visually estimated from the plots in each
of the given references. The excess tension parameter N is also indicated
in each case.
Reference N ξ v
55 4.4 ± 0.4 0.50 ± 0.04
Klaer et al. [4] 31 4.0 ± 0.4 0.50 ± 0.04
15 2.9 ± 0.3 0.51 ± 0.04
Gorghetto et al. [5] 6 − 7 1.0 ± 0.3 N/A
Kawasaki et al. [6] 2 − 4 1.1 ± 0.3 0.52 ± 0.05
where we have neglected the (assumed second-order) dif-
ference between v and v0. Note that for the purpose of
comparison with numerical simulations the parameter k
can still be obtained from Eq. (16). On the other hand
there is now some degeneracy between the two parame-
ters which model energy losses (c and s), which is mani-
fest in the fact that Eq. (17) now becomes
c =
1
v
√
ξ
(
1 − v2 − 1
N
− sv
5
N(k + c)
)
. (22)
In any case, numerical methods can be used to obtain
these parameters and therefore calibrate the VOS model.
4. Calibration with current simulations
We now use the extended VOS model to discuss the
recent field theory numerical simulations of three differ-
ent groups of authors [4, 5, 6]. We note that these sim-
ulations differ in various ways. Apart from the obvious
difference of exploring various ranges of the excess ten-
sion N they also use different numerical algorithms (e.g.,
physical strings or fat string [15], standard field theory or
effective field theory [4]) as well as different numerical
diagnostics for identifying and counting the strings and
(in some cases) measure their average velocities. Clearly,
each of these may impact the final result. That being said,
here we will take the available simulation results at face
value, use them to calibrate the VOS model, and explore
how the numbers of strings and their velocities depend on
N.
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Table 1 summarises the results of the three sets of sim-
ulations. We note that error bars are not statistical in the
usual sense, but have been estimated—visually and some-
what conservatively— from the plots provided in each of
the given references. As for the values of N, for [4] (who
simulate very different values) we list three separate sets
of values, while for [5, 6] (who simulate a narrower range
of values) we list a single set of values for an average N.
We can use the three sets of simulations of [4] to cal-
ibrate the model. As a further simplification, noting that
the string velocities do not seem to have a strong depen-
dence on N (whereas ξ clearly does), we will redefine the
parameter quantifying radiation losses as
σ ≡ sv50 . (23)
We thus estimate the following values for the VOS model
parameters
c ∼ 0.66 (24)
k ∼ 0.25 (25)
σ ∼ 2.2 . (26)
Since, as previously mentioned, the uncertainties listed in
Table 1 are not statistical error bars, we also do not pro-
vide error bars for the model parameters. Nevertheless we
have found that parameter values within about ten percent
of the listed ones provide reasonable fits to the simulations
of [4]. Note that assuming a value of v0 ∼ 0.5 this value of
σ corresponds to s ∼ 70. On the other hand, the three pa-
rameters lead to ∆ ∼ 2.4/N, implying that this calibration
requires N > 2.4; in practice this is not a problem since
the cosmologically relevant values of N are much larger.
Figure 1 compares the VOS model predictions for the
number of strings per Hubble patch and the average string
velocity, with the aforementioned parameters (shown with
the black lines), to the data in Table 1. We see that the
model indeed provides a satisfactory fit to the values of
ξ of both [4] and [6], while that found by [5] is smaller
than that predicted by the best-fit model. Note that the
model predicts that ξ will saturate for even mild values of
N; this is in broad agreement with the simulations of [4].
On the other hand [5] suggests, based on simulations with
N < 7, that ξ grows linearly with N; such a behaviour
can not be reproduced in the VOS model, although it can
be a reasonable approximation for small values of N, say
N < 10.
This saturation with N also occurs for the velocities.
Here we note that the VOS model would predict smaller
velocities for smaller values of N, while the comparison
of the simulations of [4] and [6] offers some very mild
evidence for the opposite trend. One should bear in mind
that measuring average velocities in field theory simula-
tions is notoriously difficult (much more so than simply
identifying and counting strings) so it would be prema-
ture to draw any firm conclusions. Nevertheless, this is an
issue which warrants further investigation.
With these caveats in mind, we can nevertheless use
the VOS model to infer, by extrapolation, the number of
strings per Hubble patch and the average string velocity.
As explained above, this will correspond to a choice of
N = 70 for the excess string tension. We thus find
ξax ∼ 4.2 (27)
vax ∼ 0.51 ; (28)
again we do not quote uncertainties on these for the afore-
mentioned reasons.
5. Discussion and conclusions
We have used the velocity-dependent one scale (VOS)
model as a framework in which to discuss several recent
field theory simulations of global cosmic string networks.
These networks are cosmologically relevant as a source of
axions (a possible dark matter candidate), and the calcu-
lation of the amount and spectrum of axions produced by
the network requires a quantitative understanding of the
network’s evolution. Our phenomenological model anal-
ysis confirms the presence of corrections to the canon-
ical scale-invariant evolution, affecting both the number
of strings per Hubble patch and the average string veloc-
ity and primarily depending on the excess string tension
N = ln (L/δ). Indications of deviations to scaling have
been reported in the most recent numerical simulations
[4, 5, 6] although they remain to be fully described and
quantified.
We have attempted to calibrate the VOS model by us-
ing the simulations of [4] to infer the values of its free
parameters: the momentum parameter, and the efficien-
cies of energy losses by loop production and radiation.
The calibrated model satisfactorily reproduces the results
of [4, 6], but not those of [5]. We note that apart from the
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Figure 1: The dependence of the number of strings per Hubble patch (left panel) and the average string velocity (right panel) on the excess tension
N, as predicted by the VOS model calibrated using the simulations of [4]. The solid line shows the model predictions, while the blue, green and red
points respectively depict the results of the simulations of [4], [5] and [6], as listed in Table 1.
fact that the various simulations have different effective
N, their numerical algorithms and diagnostics also differ,
and this may also play a role in explaining the differences.
At this point it is therefore premature to draw any firm
conclusions, other than to say that exploring numerical
techniques that allow the simulation of a wide range of
values of N is highly desirable, as are measurements of
the string velocities in the simulations. We note that while
the VOS model prediction for the broad dependence of the
number of strings per Hubble patch seems to agree with
simulations, the situation is not as clear for the veloci-
ties. It is possible that there are additional physical mech-
anisms, for example related to the interactions between
the strings, that are dynamically important but are not in-
cluded in the current model. Future higher-resolution sim-
ulations may therefore motivate improvements in the VOS
model—as has happened recently in the case of domain
walls [16].
In any case, our analysis shows how the VOS model
can be used to extrapolate the results of current or fu-
ture numerical simulations. These have a limited dynamic
range which is compounded, for global strings, by the
time-dependent tension, making it difficult to directly ex-
plore the cosmologically realistic case. While an analytic
defect evolution model can only be as good as the avail-
able simulations (since it requires them for calibration),
the combination of the two will enable more robust pre-
dictions of the cosmological consequences of these and
other defect networks.
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